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In this work we analyze hydrostatic equilibrium configurations of neutron stars in a non-minimal
geometry-matter coupling (GMC) theory of gravity. We begin with the derivation of the hydro-
static equilibrium equations for the f(R,L) gravity theory, where R and L are the Ricci scalar and
Lagrangian of matter, respectively. We assume f(R,L) = R/2 + [1 + σR]L, with σ constant. To
describe matter inside neutron stars we assume the polytropic equation of state p = Kργ , with K
and γ = 5/3 being constants. We show that in this theory it is possible to reach the mass of massive
pulsars such as PSR J2215+5135. As a feature of the GMC theory, very compact neutron stars with
radius ∼ 8km and M ∼ 2.6M are stable, thus surpassing the Buchdal and Schwarzschild radius
limits. Moreover, the referred stellar diameter is obtained within the range of observational data.
I. INTRODUCTION
It is possible to merger geometry and matter in the
same action. An enlightening discussion regarding this
question was presented in [1], in which an action like
S = −κ
2
∫
d4x
√−gL
2
R
, (1)
was proposed, with κ = 8piG/c4, G the gravitational con-
stant, c the speed of light, g the metric determinant, L
the matter lagrangian[60] and R the Ricci scalar.
Interestingly, the dynamics in this theory can only ex-
ist in the presence of matter, which, indeed, suggests a
deeper link between space-time and matter. The inexis-
tence of dynamics in the absence of matter in a theory
of gravity fulfills Einstein’s initial proposal of having a
gravity theory satisfying Mach’s principle [2].
It was also shown that the theory in [1] reduces to a
special case of the scalar-tensor pressuron theory [3, 4].
The theory described from action (1) can be seen as
a particular case of the well-known f(R,L) theory [5],
proposed by T. Harko and F.S.N. Lobo. In [5], the au-
thors generalized the f(R)-type gravity models [6]-[8] by
assuming that the gravitational lagrangian is given by an
arbitrary function of both R and L.
The viability of f(R,L) candidates for dark energy was
analysed from a dynamical system approach in [9]. Some
constraints were put to f(R,L) theories using the COBE-
FIRAS measurement of the spectral radiance of the cos-
mic microwave background [10]. Constraints on f(R,L)
gravity were also put via energy conditions in [11, 12].
Wormhole solutions were also investigated in the f(R,L)
gravity context as one can check [13, 14].
Some f(R,L) models do not conserve the energy-
momentum tensor and the mechanism responsible for
that was said to be a gravitational induced particle pro-
duction, as it was carefully discussed in [15, 16].
It is also worth to quote that in Reference [17], it was
indicated that the f(R,L) theories of gravity may be
regarded as a subclass of the also well known f(R, T )
gravity theories [18], for which T is the trace of the
energy-momentum tensor. Moreover, in Reference [19],
the f(R,L) gravity action was generalized by inserting
on it a scalar field and a kinetic term, constructed from
the gradients of the scalar field. A further model with
geometry-matter coupling (from now on referred to as
GMC) was proposed by Harko in [20]. For a review on
generalized GMC theories, one can check [21].
GMC models have shown to be able to provide great
outcomes when applied to fundamental issues of standard
gravity, such as dark matter and dark energy, as one can
check Refs.[51]-[24].
Here in this work, instead, we will be concerned to the
outcomes of applying a GMC model for obtaining the
hydrostatic equilibrium configurations of neutron stars
(NSs). NSs are supernova remnants known for their high
density, strong gravitational field and rapid rotation rate.
NS binary systems are among the leading gravitational
wave sources [25, 26] and have, indeed, been already de-
tected by Advanced LIGO and Advanced Virgo detectors
[27].
Although most NSs have masses ∼ 1.3 − 1.4M [28],
there is ample observational support for NSs with greater
masses (∼ 2M) [29, 30], which causes some controversy
regarding the NSs origin, equation of state (EoS) or even
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2the underlying gravitational theory.
It is worth to remark that in a recent article [31], it
was concluded that the GW 170817 event, coming from
a binary system with 2.74+0.04−0.01M, may have resulted in
a super-massive magnetar. Also, in [32] a pulsar with
2.27+0.17−0.15M was reported, being the most massive NS
already detected, named PSR J2215+5135. If NSs in
f(R,L) gravity can attain this value for the mass, it will
be the first time that such an object is theoretically pre-
dicted in alternative gravity.
It should be highlighted that the existence of PSR
J2215+5135 has ruled out a number of E’soS describ-
ing nuclear matter inside NSs from General Relativity
perspective. On this regard, one could check References
[33]-[35], in which robust constraints were put to models
of relativistic and non-relativistic nuclear matter. Such
an analysis allowed the inclusion of twelve models de-
scribing NSs in the range [1.93−2.05]M for their maxi-
mum masses and two others surpassing this limit, but by
necessarily including hyperons.
The PSR J2215+5135 is a millisecond pulsar with a
rotation period of 2.61ms, located at ∼ 4kpc from us.
It belongs to a specific class of pulsars named redbacks,
which are binary systems where the companion star has
masses in the interval ∼ 0.1 − 0.4M [36]. For PSR
J2215+5135 the companion star has 0.33+0.03−0.02M, being
classified as a spectral type G5 of the main sequence.
In this work we will investigate the possibility of pre-
dicting the above pulsar by altering the underlying grav-
itational theory. Particularly, we will investigate the hy-
drostatic equilibrium configurations of NSs from a non-
minimal GMC model which shall be presented in Section
II. In Section III we will derive the hydrostatic equilib-
rium equations for the concerned theory. In Section IV
we will present the EoS that we shall consider for nu-
merically solving the hydrostatic equilibrium equations
in Section V. We will discuss our results in Section VI.
II. A NON-MINIMAL GEOMETRY-MATTER
COUPLING
Here we will work with a GMC theory named f(R,L)
gravity [5], whose action reads
S =
∫
d4x
√−gf(R,L), (2)
with f(R,L) being a function of R and L and 8piG and
c are taken as 1 from now on. One can note from (2)
that when f(R,L) = R/2+L, the usual Einstein-Hilbert
action is retrieved, such that the variational principle
application implies the usual Einstein’s field equations
Gµν = Tµν , with Gµν being the Einstein tensor and Tµν
the energy-momentum tensor.
By following [13, 14], we will consider f(R,L) =
f1(R)/2 + [1 + σf2(R)]L, with f1(R) and f2(R) being
functions of R only and the parameter σ can be said to
characterize the strength of the coupling. For the sake
of simplicity we shall take f1(R) = f2(R) = R. Also,
we assume L = −p [21], with p being the pressure of the
fluid considered. Taking all these considerations into ac-
count, the variational principle applied to (2) yields the
following field equations [5]
(1− 2σp)Gµν + 1
3
Rgµν − σp
3
Rgµν =
(1 + σR)
(
Tµν − 1
3
Tgµν
)
− 2σ∇µ∇νp. (3)
Moreover, the covariant derivative of the energy-
momentum tensor reads [5]
∇µTµν = (−pgµν − Tµν)∇µ ln(σR). (4)
III. THE HYDROSTATIC EQUILIBRIUM
EQUATIONS IN A NON-MINIMAL
GEOMETRY-MATTER COUPLING MODEL
The hydrostatic equilibrium equations in the con-
cerned GMC theory will be obtained from the substi-
tution of the static spherically symmetric metric
ds2 = eα(r)dt2 − eβ(r)dr2 − r2(dθ2 + sin2 θdφ2) (5)
in (3)-(4), with α(r) and β(r) being metric potentials
depending on r only. From the substitution of (5) in
(4) and assuming the energy-momentum tensor of a per-
fect fluid, such as Tµν = diag(ρ,−p,−p,−p), with ρ
being the matter-energy density, we can conclude that
the energy-momentum tensor is always covariantly con-
served independently of the functional form assumed for
f(R,L).
The 00 and 11 components of the field equations (3)
for metric (5) read, respectively,
(1− 2σp)
r2
(
r − re−β)′ + (1− σp)R
3
= (1 + σR)
(
2
3
ρ+ p
)
+ σe−βα′p′, (6)
(1− 2σp)
r2
(
e−β − 1 + e−βα′r)+ (σp− 1)R
3
= (1 + σR)
ρ
3
− 2σe−β
(
p′′ − β
′
2
p′
)
, (7)
with primes denoting derivatives with respect to the ra-
dial coordinate r.
The conservation of the energy-momentum tensor
yields to
p′ = −(ρ+ p)α
′
2
. (8)
3As the Ricci scalar becomes a degree of freedom, an-
other equation can be derived from the trace of the field
equations as
(1 + 2σp)R = −(1 + σR)T − 6σp, (9)
where the D’Alambertian operator reads
 = −e−β
[
d2
dr2
− β
′
2
d
dr
+
α′
2
d
dr
+
2
r
d
dr
]
. (10)
In order to obtain the hydrostatic equilibrium configu-
rations, Equation (9) needs to be included in the system
of differential equations (6), (7) and (8). The unknowns
are R, α, β, ρ and p so that we have five variables and
four equations. In this way, we need to define a relation
between p and ρ, namely an EoS.
IV. THE EQUATION OF STATE FOR
NUCLEAR MATTER INSIDE NEUTRON STARS
Once provided an EoS for the matter inside the star,
Eqs.(6)-(9) can be numerically solved. One of the most
simple and oftenly used NS EoS in the literature is the
polytropic one. Following References [37]-[40], the re-
lation between p and ρ can be regarded as p = kργ ,
where k is constant and γ = 1 + 1/n, where n is the
so-called polytropic index. In this work we consider
k = 1.475× 10−3(fm3/MeV)2/3 and n = 3/2.
V. NUMERICAL PROCEDURE, MASS-RADIUS
AND MASS-CENTRAL DENSITY RELATIONS
The system of differential equations previously derived
are solved here considering the usual initial and boundary
conditions, i.e., the pressure and density have an initial
value at the center of the star, namely, p(0) = pC and
ρ(0) = ρC , and the equations are integrated until the
pressure vanishes, that is, p(r = R?) = 0, where R? is the
radius of the star. It is worth to quote that R is also zero
at the surface according to (9) and, hence, the junction
with the exterior Schwarzschild solution is satisfied. The
initial value of β is considered to be null, in analogy with
the interior Schwarzschild solution. The initial value of α
is arbitrary since the differential equations depend only
on its derivative α′.
It should also be cited that the total stellar mass is cal-
culated using the mass conservation equation, that reads
M =
∫ R?
0
4pir2ρ(r)dr. (11)
In Figure 1a below we present the mass-radius rela-
tion for neutron stars in the f(R,L) = R + σRL theory
of gravitation for different values of σ, the coupling pa-
rameter. The considered values of the central pressure
range from 30MeV/fm3 to 2000MeV/fm3 and the ma-
genta circles mark the maximum masses for each value
of σ. From this figure we can see that the radius of the
neutron star ranges from 8 to 18km, which is within the
expected values of neutron star radii from observational
constraints [41, 42]. On the other hand, the mass of the
neutron star is largely affected, being able to reach val-
ues up to ∼2.6M. It is clear that the behavior of the
mass-radius relation changes according to the value of σ.
For σ ≥ 15 we start to see a change of concavity on the
curves for small radius. Due to this effect, in the curves
for σ = 20 and σ = 18 the mass does not decrease with
the reduction of the stellar radius, i.e., dM/dR is always
negative.
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(b) Mass-central density relation.
FIG. 1: (color online) Mass-radius and mass-central
density relations for several values of σ. The magenta
circles mark the maximum mass on each curve.
A similar behavior is presented in the mass-central den-
sity relation of Figure 1b above, where the mass does not
decrease with the increasing of the central energy den-
sity. It is worth to cite that, a priori, this behavior does
not represent an instability on the NSs and hence a max-
imum stable mass cannot be set only by means of equi-
librium configurations. In this sense, the GMC model
can predict very high mass NSs, such as the pulsar PSR
4J2215+5135, for instance, with a very simple and soft
EoS. Those stars also present small radius, such as 8km.
Such a combination of high mass and small radius can
overcome the Buchdal limit (GM/c2R < 4/9) and also
the Schwarzschild radius limit for the star to become a
black hole, indicating that the Schwarzschild radius and
Buchdal limit are changed in the GMC model. We stress
that in order to establish a maximum mass limit within
the GMC model one needs to perform a study about ra-
dial oscillations [43]-[45]. We plan to address all those
stability issues in a forthcoming work.
Anyhow, a maximum limit for the GMC parameter
σ can be established from observations concerning the
pulsar PSR J2215+5135. For the considered range of
central pressure, the value that describes the mass of such
a pulsar is about σ = 18. The maximum mass for σ =
20 is Mmax = 2.57M, which represents a remarkable
increasing of ∼ 80% with respect to maximum mass point
of General Relativity (σ = 0).
VI. DISCUSSION
It has been shown that it is possible to avoid the Big-
Bang singularity through a GMC model [46]. In such
an approach, the authors used the so-called Eddington-
ispired Born-Infeld gravity. The achievement of evad-
ing the Big-Bang singularity was expected to be attained
only through quantum gravity and, in this sense, GMC
gravity models can figure as a great alternative until we
derive the ultimate theory of quantum gravity. For more
insights on GMC gravity, one can also check [47].
Let us briefly visit some other recent GMC propos-
als and their applications. In [48], the authors presented
an extension of teleparallel gravity [49, 50], in which the
non-metricity is non-minimally coupled to the matter la-
grangian. Some cosmological models were derived from
such a formalism and have featured an accelerated ex-
pansion for late times. In [51], it was shown that the
effective energy-momentum tensor of a GMC theory is,
indeed, more general than the usual perfect fluid energy-
momentum tensor of General Relativity, and that the
referred extra terms could be related to elastic stresses
in the body, or to other forms of internal energy. In fact,
they could also be related to fluid imperfections, such as
viscosity and anisotropy. The field equations for a GMC
model by using the Palatini formalism were derived in
[52]. Furthermore, in [53] it was shown that the dark
matter effects can simply be a consequence of GMC and
in [54] it was shown that a generalized GMC is compati-
ble with Starobinsky inflation [55].
In the present work, we have obtained hydrostatic equi-
librium configurations of NSs in a non-minimal GMC
gravity model. The underlying gravitational theory was
chosen to be the f(R,L) theory [5]. It is the first time in
the literature that the hydrostatic equilibrium equations
are derived in such a theory.
The main motivation for doing so is related to some
recent observations of massive pulsars [29, 30] whose ex-
istence remains obscure in standard gravity framework.
In fact, even the detection of some super-Chandrasekhar
white dwarfs [56, 57] provides a field of investigation for
alternative gravity [58, 59].
More remarkably, in [32], a pulsar with ∼ 2.27M,
named PSR J2215+5135, was reported as the most mas-
sive NS already observed. The achievement of such a
mass scale was the main motivation of our work, that
is, can such a mass scale be predicted through a GMC
gravity model? The answer for the above question is yes,
as we explain in the paragraphs below.
Fig.1a shows the mass-radius relation of NSs in the
GMC model for different σ, which features the strength of
the GMC. It is clear that for stronger couplings (σ ≥ 18),
the PSR J2215+5135 mass scale is attained.
The mass scale of other massive pulsars, such as J1614-
2230 [29] and J0348+0432 [30], which is ∼ 2M, is at-
tained for slightly weaker couplings (σ ∼ 15).
It is important to remark that our achievements were
obtained from a quite simple EoS, namely the polytropic
one. In fact, within General Relativity formalism, this
EoS will not predict the existence of NSs with more than
1.4M. This can also remarkably be seen in Fig.1a, for
σ = 0, which retrieves General Relativity outcomes, as
previously mentioned. This is an evidence that the in-
creasing in the mass is due to GMC only and in order to
achieve so we did not have to change substantially the
micro-physics of the NS.
Acknowledgements
PHRSM thanks Sa˜o Paulo Research Foundation
(FAPESP), grants 2018/20689-7 and 2015/08476-0,
for financial support. GAC thanks Coordenac¸a˜o de
Aperfeic¸oamento de Pessoal de Nı´vel Superior process
88881.188302/2018-01. The authors also thank FAPESP
under the thematic project 13/26258-4.
[1] H. Ludwig, O. Minazzoli and S. Capozziello, Phys. Lett.
B 751, 576 (2015).
[2] R. d’Inverno, Introducing Einstein’s Relativity, Oxford
University Press, New York, USA, 1992.
[3] O. Minazzoli and A. Hees, Phys. Rev. D 88, 041504
(2013).
[4] O. Minazzoli, Phys. Lett. B 735, 119 (2014).
[5] T. Harko and F.S.N. Lobo, Eur. Phys. J. C 70, 373
(2010).
[6] S. Nojiri and S.D. Odintsov, Phys. Rep. 505, 59 (2011).
[7] A. De Felice and S. Tsujikawa, Liv. Rev. Rel. 13, 161
(2010).
[8] S. Appleby and R. Battye, Phys. Lett. B 654, 7 (2007).
[9] R. P. L. Azevedo and J. Pa´ramos, Phys. Rev. D 94,
5064036 (2016).
[10] P. P. Avelino and R. P. L. Azevedo, Phys. Rev. D 97,
064018 (2018).
[11] Y.-B. Wu et al., Mod. Phys. Lett. A 29, 1450089 (2014).
[12] J. Wang and K. Liao, Class. Quant. Grav. 29, 215016
(2012).
[13] N.M. Garcia and F.S.N. Lobo, Phys. Rev. D 82, 104018
(2010).
[14] N.M. Garcia and F.S.N. Lobo, Class. Quant. Grav. 28,
085018 (2011).
[15] T. Harko et al., Eur. Phys. J. C 75, 386 (2015).
[16] T. Harko, Phys. Rev. D 90, 044067 (2014).
[17] P. P. Avelino and L. Sousa, Phys. Rev. D 97, 064019
(2018).
[18] T. Harko, F.S.N. Lobo, S. Nojiri and S.D. Odintsov,
Phys. Rev. D 84, 024020 (2011).
[19] T. Harko, F.S.N. Lobo and O. Minazzoli, Phys. Rev. D
87, 047501 (2013).
[20] T. Harko, Phys. Lett. B 669, 376 (2008).
[21] T. Harko and F.S.N. Lobo, Galaxies 2, 410 (2014).
[22] T. Harko, Phys. Rev. D 81, 094050 (2010).
[23] R. Zaregonbadi and M. Farhoudi, Gen. Rel. Grav. 48,
142 (2016).
[24] P.H.R.S. Moraes and P.K. Sahoo, Eur. Phys. J. C 77,
480 (2017).
[25] E.S. Phinney, Astrophys. J. Lett. 380, L17 (1991).
[26] M. Agathos et al., Phys. Rev. D 92, 023012 (2015).
[27] B.P. Abbott et al., Phys. Rev. Lett. 119, 161101 (2017).
[28] J.M. Lattimer, Ann. Rev. Nucl. Part. Sci. 62, 485 (2012).
[29] P. Demorest et al., Nature 467, 1081 (2010).
[30] J. Antoniadis et al., Science 340, 6131 (2013).
[31] H.P.M. van Putten Maurice, M. D. Valle, Mon. Not. R.
Astron. Soc., 482 L46 (2019).
[32] M. Linares et al., Astrophys. J. 859, 54 (2018).
[33] M. Dutra, O. Lourenc¸o and D. P. Menezes, Phys. Rev.
C 93, 025806 (2016).
[34] M. Dutra, O. Lourenc¸o, S. S. Avancini, B. V. Carlson,
A. Delfino, D. P. Menezes, C. Providencia, S. Typel, and
J. R. Stone, Phys. Rev. C 90, 055203 (2014).
[35] M. Dutra, O. Lourenc¸o, J. S. Sa Martins, A. Delfino, J.
R. Stone, and P. D. Stevenson, Phys. Rev. C 85, 035201
(2012).
[36] J.W. Broderick., R. P. Fender and Breton, R. P., et al.,
Mon. Not. R. Astron. Soc., 459, 2681 (2016).
[37] R. F. Tooper, Astrophys. J. 140, 434 (1964).
[38] S. Ray, A. L. Esp´ındola, M. Malheiro, J. P. S. Lemos,
and V. T. Zanchin, Phys. Rev. D 68, 084004 (2003).
[39] J. D. V. Arban˜il, J. P. S. Lemos, and V. T. Zanchin,
Phys. Rev. D 88, 084023 (2013).
[40] P.H.R.S. Moraes, J. D. V. Arban˜il and M. Malheiro, J.
Cosmol. Astropart. Phys. 2016(06), 005 (2016).
[41] A. Marino et al., Mon. Not. R. Astron. Soc. 479, 3634
(2018).
[42] R. E. Most, L. R. Weih, L. Rezzolla, and J. S. Bielich,
Phys. Rev.Lett. 120, 261103 (2018).
[43] J.L. Friedman, J.R. Ipser, R.D. Sorkin, Astrophys. J.
325, 722 (1988).
[44] K. Takami, L. Rezzolla, S. Yoshida, Mon. Not. R. Astron.
Soc. 416, L1 (2011).
[45] J .D. V. Arban˜il, M. Malheiro, Phys. Rev. D 92, 084009
(2015)
[46] M. Ban˜ados and P. G. Ferreira, Phys. Rev. Lett. 105,
011101 (2010).
[47] T. Delsate and J. Steinhoff, Phys. Rev. Lett. 109, 021101
(2012).
[48] T. Harko et al., Phys. Rev. D 98, 084043 (2018).
[49] Y.-F. Cai et al., Rep. Progr. Phys. 79, 106901 (2016).
[50] S. Bahamonde et al., Phys. Rev. D 92, 104042 (2015).
[51] T. Harko, Phys. Rev. D 81, 044021 (2010).
[52] T. Harko et al., Mod. Phys. Lett. A 26, 1467 (2011).
[53] O. Bertolami and J. Pa´ramos, J. Cosmol. Astropart. P.
03, 009 (2010).
[54] O. Bertolami et al., Phys. Rev. D 83, 044010 (2011).
[55] A.A. Starobinsky, Phys. Lett. B 117, 175 (1982).
[56] D.A. Howell et al., Nature 443, 308 (2006).
[57] R.A. Scalzo et al., Astrophys. J. 713, 1073 (2010).
[58] G.A. Carvalho, R.V. Lobato, P.H.R.S. Moraes, J.D.V.
Arban˜il, E. Otoniel, R.M. Marinho Jr. and M. Malheiro,
Eur. Phys. J. C 77, 871 (2017).
[59] U. Das and B. Mukhopadhyay, J. Cosmol. Astropart.
Phys. 05, 045 (2015).
[60] The authors in [1] and others have used the notation
“Lm” for the matter lagrangian. Here, for the sake of
simplicity, we will write the matter lagrangian simply as
“L”.
